In this paper, we prove a strong convergence theorem for finding a common solution of a general system of finite variational inequalities for finite different inverse-strongly accretive operators and solutions of fixed point problems for a nonexpansive semigroup in a Banach space based on a viscosity approximation method by using weak contraction mappings. Moreover, we can apply the above results to find the solutions of the class of k-strictly pseudocontractive mappings and apply a general system of finite variational inequalities into a Hilbert space. The results presented in this paper extend and improve the corresponding results of Ceng et al. (2008) , Katchang and Kumam (2011), Wangkeeree and Preechasilp (2012) , Yao et al. (2010) and many other authors. MSC: Primary 47H05; 47H10; 47J25
Introduction
Let E be a real Banach space with norm · and C be a nonempty closed convex subset of E. Let E * be the dual space of E and ·, · denote the pairing between E and E * . For q > , the generalized duality mapping J q : E →  E * is defined by J q (x) = {f ∈ E * : x, f = 
ii) T(s + t) = T(s)T(t) for all s, t ≥ ; (iii) T(s)x -T(s)y ≤ x -y for all x, y ∈ C and s ≥ ; (iv) for all x ∈ C, s → T(s)x is continuous.
We denote by F(S) the set of all common fixed points of S, that is,
It is known that F(S) is closed and convex. Moreover, for the study of nonexpansive semigroup mapping, see [, -, ] for more details. In , Suzuki [] was the first one to introduce the following implicit iteration process in Hilbert spaces:
x n = α n u + ( -α n )T(t n )(x n ), n ≥  (  .  )
for the nonexpansive semigroup. In , Xu [] established a Banach space version of the sequence (.) of Suzuki [] . In [], Chen and He considered the viscosity approximation process for a nonexpansive semigroup and proved another strong convergence theorems for a nonexpansive semigroup in Banach spaces, which is defined by http://www.fixedpointtheoryandapplications.com/content/2012/1/114
for all x, y ∈ C. Evidently, the definition of the inverse strongly accretive operator is based on that of the inverse strongly monotone operator. To convey an idea of the variational inequality, let C be a closed and convex set in a real Hilbert space H. For a given operator A, we consider the problem of finding x * ∈ C such that
for all x ∈ C, which is known as the variational inequality, introduced and studied by Stampacchia [] in  in the field of potential theory. In , Aoyama et al.
[] first considered the following generalized variational inequality problem in a smooth Banach space. Let A be an accretive operator of C into E. Find a point x ∈ C such that
for all y ∈ C. This problem is connected with the fixed point problem for nonlinear mappings, the problem of finding a zero point of an accretive operator and so on. Let A : C → E be a β-inverse strongly accretive mapping. Find (x * , y * ) ∈ C × C such that
Let C be nonempty closed convex subset of a real Banach space E. For two given operators A, B : C → E, consider the problem of finding (x * , y * ) ∈ C × C such that
where λ and μ are two positive real numbers. This system is called the general system of variational inequalities in a real Banach spaces. If we add up the requirement that A = B, then the problem (.) is reduced to the system (.). By the following general system of variational inequalities, we extend into the general system of finite variational inequalities which is to find (x 
Preliminaries
We always assume that E is a real Banach space and C is a nonempty closed convex subset of E.
Let U = {x ∈ E : x = }. A Banach space E is said to be uniformly convex if, for any ∈ (, ], there exists δ >  such that, for any x, y ∈ U, x -y ≥ implies
is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach space E is said to be smooth if the limit lim t→ x+ty -x t exists for all x, y ∈ U. It is also said to be uniformly smooth if the limit is attained uniformly for x, y ∈ U. The modulus of smoothness of E is defined by 
Proposition . ([]) Let E be a smooth Banach space and let C be a nonempty subset of E. Let Q : E → C be a retraction and let J be the normalized duality mapping on E. Then the following are equivalent: (i) Q is sunny and nonexpansive;
(
Proposition . ([]) Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach space E, and let T be a nonexpansive mapping of C into itself with F(T) = ∅. Then the set F(T) is a sunny nonexpansive retract of C.
A Banach space E is said to satisfy Opial's condition if for any sequence
By [, Theorem ], it is well known that, if E admits a weakly sequentially continuous duality mapping, then E satisfies Opial's condition and E is smooth.
We need the following lemmas for proving our main results.
Lemma . ([]) Let E be a real -uniformly smooth Banach space with the best smooth constant K . Then the following inequality holds:
x + y  ≤ x  +  y, Jx +  Ky  , ∀x, y ∈ E.
Lemma . ([])
Let {x n } and {y n } be bounded sequences in a Banach space X and let
Let {a n } and {b n } be two nonnegative real number sequences and {α n } a positive real number sequence satisfying the conditions: 
If β ≥ λK  , then I -λA is nonexpansive.
Main results
In this section, we prove a strong convergence theorem. In order to prove our main results, we need the following two lemmas. 
Lemma . Let C be a nonempty closed convex subset of a real -uniformly smooth Banach space E. Let Q C be the sunny nonexpansive retraction from E onto C. Let the mapping
Therefore, Q is nonexpansive. 
problem (.) if and only if
Proof From (.), we rewrite as
Using Proposition .(iii), the system (.) is equivalent to (.).
Throughout this paper, the set of fixed points of the mapping Q is denoted by F(Q). The next result states the main result of this work. Theorem . Let E be a uniformly convex and -uniformly smooth Banach space which admits a weakly sequentially continuous duality mapping and C be a nonempty closed convex subset of E. Let S = {T(t) : t ≥ } be a nonexpansive semigroup on C and Q C be a sunny nonexpansive retraction from E onto C. Let A l : C → E be a β l -inverse-strongly accretive such that β l ≥ λ l K  , where l ∈ {, , . . . , M}, and K be the best smooth constant.
Let f be a weakly contractive mapping on C into itself with function ϕ. Suppose F := F(Q) ∩ F(S) = ∅, where Q is defined by Lemma .. For arbitrary given x
where the sequences {α n }, {β n } and {γ n } are in (, ) and satisfy {α n } + {β n } + {γ n } = , n ≥ , 
. ,x M ) is a solution of the problem (.) where Q F is the sunny nonexpansive retraction of C onto F .
Proof First, we prove that {x n } is bounded. Let p ∈ F , taking
where I is the identity mapping on E. From the definition of Q C is nonexpansive then Q l C , l ∈ {, , , . . . , M} also. We note that
From (.) and (.), we also have
This implies that {x n } is bounded, so are {f (x n )}, {y n }, and {T(μ n )y n }. Next, we show that lim n→∞ x n+ -x n = . Notice that
Setting x n+ = ( -β n )z n + β n x n for all n ≥ , we see that z n = x n+ -β n x n -β n . Then we have
Therefore,
It follows from the conditions (C), (C) and (C), which implies that
Applying Lemma ., we obtain lim n→∞ z n -x n =  and also
as n → ∞. Therefore, we have Next, we show that lim n→∞ T(μ n )y n -y n = . Since p ∈ F , from Lemma ., we obtain
Therefore, we have
From the condition (C) and (.), this implies that x n -y n →  as n → ∞. Now, we note that
Therefore, we get
From the conditions (C), (C) and (.), this implies that x n -T(μ n )y n →  as n → ∞. Since
and hence it follows that lim n→∞ T(μ n )x n -x n = . Next, we prove that z ∈ F := F(Q) ∩ F(S). By the reflexivity of E and boundedness of the sequence {x n }, we may assume that x n i z for some z ∈ C. (a) First, we show that z ∈ F(S).
Fix t > . Notice that
For all i ∈ N, we have
Since the Banach space E with a weakly sequentially continuous duality mapping satisfies Opial's condition, this implies
Thus lim n→∞ y n -Qy n = . Since Q is nonexpansive, we get x n -Qx n ≤ x n -y n + y n -Qy n + Qy n -Qx n ≤  x n -y n + y n -Qy n , and so
. Since {x n } is bounded, we can choose a sequence {x n i } of {x n } where x n i z such that
Now, from (.), Proposition .(iii) and the weakly sequential continuity of the duality mapping J, we have
From (.), it follows that
Finally, we show that {x n } converges strongly tox  = Q F f (x  ). We compute that
By (.) and since {x n+ -x  } is bounded, i.e., there exists M >  such that x n+ -x  ≤ M, which implies that
Now, from (C) and applying Lemma . to (.), we get x n -x  →  as n → ∞. This completes the proof. and λ be a positive real number. For arbitrary given x  = x ∈ C, the sequences {x n } are generated by
, where Q F is the sunny nonexpansive retraction of C onto F . 
and satisfy the conditions
and λ  , λ  are positive real numbers. For arbitrary given x  = x ∈ C, the sequences {x n } are generated by 
